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Role of Risk in Financial Bubbles:

Thus, this vast increase in the market value of asset
claims is in part the indirect result of investors accept-
ing lower compensation for risk. Such an increase in
market value is too often viewed by market participants
as structural and permanent . . . Any onset of increased
investor caution elevates risk premiums and, as a con-
sequence, lowers asset values and promotes the liqui-
dation of the debt that supported higher asset prices.
This is the reason that history has not dealt kindly with
the aftermath of protracted periods of low risk premi-
ums.

Alan Greenspan (2005)
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Risk-neutral asset-pricing model:

pt = α + βEtpt+1 + βdt

has rational expectations solutions of form:

pt = a + bpt−1 + cdt + f ξt

Fundamentals: b = 0, f = 0 Bubbles: b = β−1 > 1 ⇒ explosive.
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But, bubbles seem to exist...(?)
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National house prices: a historical perspective
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1998+, probably a bubble
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Other places it was more pronounced:

Las Vegas Home Prices
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This paper:
◮ Takes a simple asset pricing model with linear demand for

the risky asset and risk-aversion.
◮ Risk-aversion implies asset price depends on expected

conditional variance of net returns. But, bubbles REE is
still unstable under least squares learning.

◮ Constant gain learning version of the model:
◮ creates drift that causes agents’ to occasionally believe

stock prices follow a random walk: perceive shocks to be
permanent;

◮ recursive updating of conditional variance arrests explosive
bubbles and leads to crashes.
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◮ Our story: risk, combined with adaptive learning, leads to
recurring bubbles and crashes.



Model

◮ Risky asset yields dividends {yt}, trades at price pt.
◮ Risk free asset pays R = β−1 > 1.
◮ Mean-variance setting yields demand for risky asset

zdt =
E∗

t (pt+1 + yt+1) − β−1pt

aσ2
t

where σ2
t is agents’ cond’l expect. of pt+1 + yt+1.



Model (cont.)
In equilibrium, zst = zdt, implies

pt = βÊt (pt+1 + yt+1) − βaσ2zst (1)

Assume

yt = y0 + ut

zst = {min(s0, Φpt)} · (1 + vt)

σ2
= V̂art (pt+1 + yt+1 − Rpt)

where vt, ut uncorrelated white noise shocks, Φ = 10s0/p̄.

zst is share supply which is:
◮ exogenous (constant plus white noise);
◮ or, endogenous when price falls to 10% of its fundamental

value

Definition. A Rational Expectations Equilibrium is a solution to
(1).
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Stability under learning

◮ To study E-stability, posit a perceived law of motion (PLM)

pt = k + cpt−1 + εt

Forming Etpt+1 = k(1 + c) + c2pt−1 leads to the actual law
of motion (ALM)

pt = T(k, c)′(1, pt−1)
′

− βaσ2vt, s0 ≤ Φpt

where T(k, c) = (β[y0 + k(1 + c) − aσ2s0], βc2
)
′.

◮ But, σ2 is an equilibrium object. Thus, also need to pin
down

σ2
= Et (pt+1 − Etpt+1 + yt+1 − Etyt+1)

2
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Stability of REE

Define θt = (kt, ct)
′, Xt = (1, pt−1). We assume learning takes

place via the recursive algorithm

θt = θt−1 + γ1,tR
−1
t Xt

(

pt − θ′t−1Xt
)

Rt = Rt−1 + γ1,t
(

XtX
′

t − Rt−1
)

σ2
t = σ2

t−1 + γ2,t

(

(

pt − θ′t−1Xt + ut
)2

− σ2
t−1

)

γ1,t, γ2,t are gain sequences, usually γt > 0,
∑

t≥0 γt = ∞.

.
Question of interest: what is the asymptotic behavior of θt, σt?
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REE Stability Result

1. The fundamentals REE is stable under adaptive learning
provided 0 < β < 1 and 0 < σ2 < 1/2βaσ2

v . The bubbles
REE is unstable under adaptive learning.

2. As γ → 0, constant gain learning dynamics weakly
converge to the solution of the ODE.



Mean Dynamics suggest occasional escapes to random walk
like behavior:
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Depends on relative gains:
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Endogenous Projection Facility:
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Intuition for escapes I.
Confidence ellipses around fundamentals REE are pointed
toward a random walk:
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Intuition for escapes II.

◮ Random walk beliefs, lag coeff→ 1, implies PLM:

pt =
1

1 − L
εt ≡ g(L)εt

◮ So ALM becomes

pt = µ + f (L)νt,

f (L) = βaσ2
(1 − βL)

−1.
◮ As Sargent notes:

1. Random walk beliefs introduce serial correlation.
2. Random walk beliefs track constants well, so use

higher-order moments to track low frequency movements.
Risk induces drift in constant.

◮ Mean dynamics show that σ2 triggers “escapes”
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Numerical Simulations

◮ Fundamentals REE is locally stable. Bubbles REE is
unstable. What happens with constant gain learning? Turn
to numerical simulations.

◮ Choose parameters
β = .95, a = .75, σ2

v = .5, σ2
u = 0.9, y0 = 1.5, s0 = 1.
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Small Gains

Figure: Constant gain learning with γ1 = .01, γ2 = .001.
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Start to see serial correlation

Figure: Constant gain learning with γ1 = γ2 = .01.
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Bubbles and Crashes

Figure: Constant gain learning with γ1 = .01, γ2 = .02.
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Bubbles and Crashes: Risk

Figure: Comparing price with inverse of risk, 1/σ2
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Bubbles and Crashes

Figure: Constant gain learning with γ1 = .01, γ2 = .04.
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Bubbles and Crashes

Figure: Constant gain learning with γ1 = .01, γ2 = .04.
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Detecting Bubbles
◮ Literature on testing bubbles work with regressions like

pt = a + byt + ut

and look for unit roots in the residuals ut. Periodically
collapsing bubbles, though, will fail unit root tests.
(Recursive unit root tests of Phillips, Wu, Yu (2007) an
exception.)

◮ Recursive Estimates Statistic of Wu and Xiao: Look for
exploding segments of time-series:

max
k=1,...,n

k
√

n

∣

∣

∣

∣

∣

1
k

k
∑

t=1

ût −
1
n

n
∑

t=1

ût

∣

∣

∣

∣

∣

◮ Simulate model for 15000 periods, storing last 1000 or 100
periods, estimate Augmented Dickey-Fuller and Recursive
Statistic, repeat 1000 times.



Simulation Length:
1000 100

Gain Parameters RES ADF RES ADF
γ1 = .001, γ2 = .001 0.024 0.000 0.0000 0.000
γ1 = .01, γ2 = .01 0.8760 0.0040 0.0220 0.000
γ1 = .01, γ2 = .04 0.980 0.0210 0.8340 .0640



Conclusion:

◮ Asset pricing models should incorporate learning about
risk and return.

◮ Suggests a story for bubbles:
◮ Stock price “usually” near its fundamentals value
◮ Occasional shocks cause agents to lower their risk

estimates
◮ This causes them to mistakenly think that recent price

innovations are permanent
◮ Bid up stock prices, bubble ensues.
◮ Eventually, though risk estimates increase, thereby

crashing the bubble.
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