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Abstract

We investigate how financial integration affects banks’ liquidity holding and the depth
of systemic crises. We model a multiple regions economy, where each region is character-
ized by idiosyncratic liquidity shocks. The liquidity shocks are not necessarily asymmetric,
then liquidity coinsurance is not always possible. The first-best allocation is reached when
the regions are completely integrated since in this case the perfect liquidity coinsurance
is achieved. Under complete integration no crisis would occur. However, when financial
integration is only partial the perfect liquidity coinsurance is no longer possible. Never-
theless, two (or more) regions will find it optimal to coinsure the liquidity shocks in order
to reduce their liquidity uncertainty and to increase their expected utility. Accordingly,
under partial integration, the regions could find it optimal to reduce the liquidity holding
and to increase the level of long term investment. In this case, partial integration opens up
the opportunity for the occurrence of extreme events. That is, the cost of liquidity can be-
come unusually high and the optimal consumption can display both higher volatility than
in autarky and negative skewness. When complete financial integration is not achievable,
then extreme events can be the optimal outcome of partial integration.
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1 Introduction

It is usually claimed that globalization, or the process of increasing financial integration,
exposes the financial system to the occurrence of “black swan” or extreme events, such as
deep systemic crises. This paper shows that this claim is true but it could be the optimal
response of agents that live in a world where perfect financial integration is not achieved.

The main idea is the following. Consider a four-region economy where, in each region,
the banking sector has access to a liquid short-term asset and a safe illiquid long-term
asset and consumers give their endowment to the banks in order to exploit such investment
opportunities. The four regions can have negatively correlated liquidity needs so that there
are gains from trade from pooling the financial resources, for example through an interbank
deposit market.

However, the four regions can be characterized by different degrees of financial integra-
tion. We first consider a perfectly integrated financial system, that is the four regions have
access to the interbank deposit market. In such environment, systemic crises would never
occur since there would always be the possibility to coinsure against idiosyncratic shocks
and, consequently, there would not be any residual aggregate uncertainty.

We then consider a completely disconnected financial system. That is, none of the re-
gions have access to the interbank deposit market. In autarky, each region faces aggregate
uncertainty and it is exposed to the highest variability of liquidity shocks. Clearly, under
this scenario, consumers get a lower expected utility than under the complete integration
case. We then analyze a situation of partial integration. That is, only two regions can
trade in the interbank deposit market. In this case, since liquidity shocks can be nega-
tively correlated, the two regions find it useful to pool financial resources getting liquidity
coinsurance. However, idiosyncratic liquidity shocks cannot be insured when they are posi-
tively correlated. Consequently, residual aggregate uncertainty is reduced with respect the
autarky but cannot be completely eliminated.

Under partial integration, consumer get an higher expected utility than the one achieved
under autarky. The reason being that the volatility of liquidity shocks faced in partial
integration is lower than the same volatility in autarky. This is a direct implication of
the reduced residual aggregate uncertainty under partial integration. As a consequence,
consumers prefer partial integration to autarky. So, whenever possible, regions will take
advantage of the risk-sharing opportunities offered by the interbank deposit market.

The welfare improving opportunity offered by partial integration has direct implication
on the optimal investment decision of the banks. It turns out that the optimal investment
in the liquid short-term asset can be decreasing in the amount of residual aggregate un-
certainty. That is, when the regions have the possibility to partially integrate they will
reduce the investment in liquidity compared with the autarky situation. The reason is

that less residual aggregate uncertainty implies less need of liquidity, which under partial



integration is provided also by the interbank market. The regions then find it optimal to
increase the investment in the long-term asset in order to increase consumers’ expected
utility.

The optimal investment decision has direct consequences on the occurrence of extreme
events. Indeed, under partial integration, aggregate uncertainty is not completely elimi-
nated. The systemic crisis can then occur when both regions face the same (high) liquidity
shock. Both financial and real effects are in place. The financial effect can be analyzed
by mean of the interest rate on the interbank deposit market, that is the cost of liquidity.
It turns out that under partial integration the cost of liquidity is always lower than the
complete integration case. The only exception being when the systemic crisis hits. In this
case the cost of liquidity spikes up well above the one under complete integration.

The real effect is measured by the distribution of optimal consumption. Under partial
integration the optimal consumption variance can be higher than the consumption vari-
ance under autarky. In particular, this is always true whenever the residual aggregate
uncertainty is sufficiently high. Moreover, partial integration opens up the opportunity to
negative consumption skewness contrary to autarky and complete integration. That is, it
is optimal to observe particularly low level of consumption during systemic crisis.

The analysis of interbank insurance has received widespread attention in the literature.
The focus of analysis has been mainly on asymmetric information or moral hazard models.
In the paper by Rochet and Tirole [14] interbank markets act as a device that banks use to
monitor each other. Bhattacharya and Gale [6] show that banks under-invest in liquidity
reserves when moral hazard and adverse selection problems are present. In Freixas et al.
[11] interbank markets operate in a spatial economy and a solvency shock can cause a
gridlock in the system. Freixas and Holthausen [10] study how asymmetric information
affects interbank market integration. Brusco and Castiglionesi [7] analyze the optimal form
of interbank insurance considering the risky behavior of banks affected by moral hazard
and protected by limited liability. Contrary to this tradition, we characterize the interbank
market with an environment where participants have symmetric information.

Allen and Gale [3] show that interbank markets provide optimal liquidity insurance
when banks are subject to idiosyncratic shocks, but may expose the system to financial
meltdown when an unexpected aggregate liquidity shock hits. Allen and Gale [4] ana-
lyzes the optimal liquidity provision by banks and markets under complete and incomplete
markets and/or contracts. We analyzed aggregate uncertainty being fully anticipated by
banks. The incompleteness we analyze in this paper is the partial integration, that is the
situation in which not all the banks can participate in the risk sharing agreement.

Our paper also relates to the recent literature on liquidity provision by interbank mar-
kets. These papers highlight the inefficiencies of interbank market in order to explain the
lack of liquidity during systemic crises. In Wagner [15] interbank lending may break down

due to a moral hazard problem at banks. In Acharya, Gromb and Yorulmazer [1] ineffi-



ciencies in interbank lending arise due to monopoly power. In Allen, Carletti and Gale
[2] inefficiencies in the interbank market arise because interest rates fluctuate too much in
response to shocks, which precludes efficient risk sharing. In Castiglionesi and Wagner [§]
the inefficient liquidity provision is due to non exclusive contract. This paper shows that
banks could optimally hold a low amount of liquidity if they are constrained to operate in
a partially integrated economy.

Finally, this paper can be considered complementary to the literature on rare events,
pioneered by Rietz [13], and recently revived by Barro [5]. The aim of this literature is
to explain well known financial puzzles, like the equity premium, taking into account that
rare disasters, either real or financial, have small probability to occur. The objective of
these papers is mainly empirical, that is to calibrate disaster probabilities, showing that
they can generate the evidence we observe. Beside the issue about their robustness in
explaining not only financial puzzles but also other financial implications (see Gourio [12]
for a more sceptical evidence), these papers take as given that rare events occur and there
is no mechanism that explains the depth of the crisis. While focusing our attention on
financial crises, our paper establishes a link between partial financial integration, in the
form of residual aggregate uncertainty, and the depth of the systemic crisis (when it occurs).

The remainder of the paper is organized as follows. Section 2 presents the four regions
economy. Section 3 characterizes the optimal risk-sharing, showing that when the regions
are completely integrated the efficient allocation is obtained. Section 4 analyzes the solution
both when the regions are fully segmented (i.e., in autarky) and when they are only partially
integrated. Section 5 analyzes the consequences of partial integration on the depth of the
systemic crisis, both in term of the cost of liquidity in the interbank market (section 5.1)
and in term of the variance and skewness of the optimal consumption profile (section 5.2).

Section 6 concludes, and the Appendix contains the proofs.

2 The Model

There are three dates (t = 0,1,2), and a single good that serves as numeraire. There are
two types of assets. A liquid asset (the short asset) that takes one unit of the good at date
t and converts it into one unit of the good at date ¢ + 1. An illiquid asset (the long asset)
that takes one unit of the good at date 0 and transforms it into R > 1 units of the good
at date 2.

There are four regions (labeled A, B, C and D) that are ex-ante identical but differ
in the liquidity shock. Each region contains a continuum of ex-ante identical consumers
(depositors) with an endowment of one unit of the consumption good at date 0. Agents

are assumed to have Diamond-Dybvig [9] preferences, that is,

u(cy) with probability w?;
u(cy) with probability (1 — w?).

Uley,ea) = {
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Table 1: Regional liquidity shocks
Al B|C|D

S1|wh |wh | wr | wr

Se | wr |wi | wr | wa

Sg W | WL | Wy | WL,

Sy |wp | w | wy | wh

The probability w’ is the random fraction of early consumers in region i, and it can take
two possible values wy and wp, with wy > wy. The function u(.) is assumed to be a
neoclassical utility function that satisfies Inada’s conditions. There are four possible states
of the world (S, Sz, S3 and S;). The probability of S; and S, is equal to %, while the
probability of states Sy and Ss is equal to §. The realization of the liquidity preference
shocks is state-dependent, and is given in Table 1.

Notice that ex-ante, each region has a probability equal to 1/2 of having a high liquidity
shock. Moreover, there is no aggregate uncertainty since the proportion of early consumers

in the economy (i.e., considering the 4 regions) is
2wy + 2wy, wptwp
4 2

in each state of the world. All uncertainty is resolved in ¢ = 1, when the state of nature is

v

revealed and each consumer learns whether she is an early or late consumer. Consumer’s
type is private information.

Finally, in each region there is a continuum of identical banks. Only banks can invest
in the illiquid asset. Then, consumers have to deposit their endowment in the banks of
their region in order to take advantage of the long term investment opportunities of the

economy.

3 Optimal Risk Sharing

The optimal risk-sharing can be characterized by the solution to the planner problem. The
planner overcomes the problem of asymmetric liquidity need of the four regions through
the direct investment of the resources on the assets. Assume that the planner cannot
observe the agent’s type. Let y and x be the per capita amounts invested in the short and
long assets, respectively. Since consumers are ex-ante identical, the planner maximizes the
unweighted sum of consumer’s expected utility. Therefore, the planner problem is [FB]:

max  yu(cr) + (1 —y)u(cs)

(Iay761702)
subject to the feasibility constraints:

r+y<1 ver <y (1 —7)c2 < Ru;
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x > 0; y > 0; ¢ > 0; cy > 0.

It is obvious that optimality requires that the feasibility constraints are satisfied with

equality, so we can write the problem as

y l-y
max yu| = |+ (1—-—vy)u|—R]). 2
I (7) = (1—7 ) 2
Since u is strictly concave and satisfies the Inada conditions, the solution to problem (2)

is unique and interior.

The optimal value y* € (0,1) is obtained from the first order condition

and once y* has been determined by equation (3) we can use the feasibility constraints to
determine the other variables, that is

c] = — ce = —R r=1—-y". 4
1 ~ ) 2 1 — ~ ) Y ( )
Notice that (3) and (4) imply «'(¢f) = Ru’ (¢}), which in turn implies u'(¢}) > u/(c3)
and ¢ > ¢;. Thus, the first-best allocation automatically satisfies the incentive constraint
co > c1. That is, late consumers have no incentive to behave as early consumers and the
first-best allocation can be achieved even if the planner cannot observe the consumer’s type.
We will denote the first-best allocation as 0* = (y*,z*, ¢, ¢3), and with U* the expected
utility achieved under the first-best contract 6*.

3.1 Complete Integration

We analyze the situation where all the regions are integrated. In this case the first-best
allocation can be attained using an interbank market of deposits (see Allen and Gale, [3]).
Since the four regions have negatively correlated liquidity needs, banks belonging to the
four regions find it useful to exchange deposits between themselves. In particular, banks
in the region hit by the high liquidity shock wgy withdraw their deposits from the bank in
the other region at time 1, and at time 2 the funds move in the opposite direction.

The first-best allocation can be attained by a decentralized banking system using in-

terbank deposits as follows:

e Each bank offers the contract 6* = (y*, z*, ¢}, ¢}) to the consumers and the banks of

the other region;

e Each bank deposits (wy — ) cents in a bank belonging to another region for each
dollar deposited by consumers (and receives a deposit of (wg — ) from a bank of

the other region).



The interbank deposits are used as liquidity coinsurance instruments against the liquid-
ity shock. With perfect competition in the banking sector, the equilibrium outcome will be
that banks offer the contract yielding the first-best allocation, thus maximizing consumers’

expected utility.

Proposition 1 Under complete integration, exchanging an amount (wy — ) of deposits

at t = 0, the first-best allocation §* can be implemented by a decentralized banking system.

When the four regions are fully integrated the aggregate uncertainty is eliminated and the
first-best allocation is implemented. Since the liquidity shocks in the regions are perfectly
negatively correlated, the insurance is perfect.

However, when financial integration is only partial, aggregate uncertainty cannot be
fully eliminated. In particular, the liquidity shocks can be either negatively or positively
correlated. Consequently, even if the interbank deposits market would still play a useful

role in smoothing out the idiosyncratic liquidity shocks, full insurance cannot be achieved.

4 Partial Integration

In this section we consider a situation of incomplete integration. The four regions cannot
fully coinsure among themselves. We first analyze the most severe form of partial integra-
tion, that is autarky. Then, we analyze an intermediate form of partial integration. In

particular, we consider that only two regions are integrated.

4.1 Complete Segmentation: Autarky

When the regions are in autarky they have to provide by themselves the necessary liquidity.
Clearly in this case the first-best allocation cannot be decentralized by a banking system
since each region (when isolated) is actually facing aggregate uncertainty.

Since in each region there is a continuum of identical banks, the decentralized allocation
can be characterized in terms of the behavior of a representative bank in each region. The
structure we consider is the following. FEach representative bank offers fully contingent
deposit contracts, specifying the amount that the depositor can withdraw at each time ¢

contingent on the realization of the shock w’. A deposit contract is therefore an array

5= {no (b)) )

where ¢} is the amount that a depositor can withdraw at time ¢ if the value of the liquidity
shock is wg, with s = L, H.

The allocation in autarky is given by the solution of the following problem [A]:

max % [wru () + (1 —wpy)u ()] + % [wru (ef) + (1 —wr)u(c)]
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subject to

y+or < 1L
wse; <y s=LH
(1-—ws)es < Re+ (y—ws); s=LH
cg > 0, s=LH t=1,2.

The first constraint represents the feasibility constraint in ¢ = 0. The second set of con-
straints states that in every state of the world the amount paid to depositors in ¢ = 1 have
to be less than the amount invested in the short asset. The third set of constraints refers
to the second period. Notice that, we allow for the possibility to roll over deposits from
t =1 to t = 2. In this case the resources available to pay late consumers are given by the
return on the investment in the safe asset Rx plus the resources rolled over from period 1,

if any. Finally, we have the non-negativity consumption constraints.

Let
S (G
t=1,2

be the optimal allocation offered to consumers under autarky. We have the following

Proposition 2 The optimal allocation 0 satisfies

@ @) ¢ (L) _ (M)

The optimal contract in autarky does not allow for roll over when the liquidity shock
is high. However, when the shock is low it can be optimal to roll over resources and offer
the same level of consumption in both dates. Accordingly, the inequality in Proposition 2
is strict if and only if roll-over is not optimal in state L. Otherwise, consumption is the
same in both dates when the liquidity shock is low.

An immediate implication of Proposition 2 is that
wHu’(c{{(a)) > wLu'(cf(a)),
(1 —wn)u' () < (1= wi)u' ().

This means that at time one, it would be welfare improving to (slightly) reduce per capita
consumption in state L to increase it in state H by the same (small) amount. However,
this is not feasible in autarky since in state L any reduction of consumption at time one
can be at most rolled-over at period two. Consumption at time one in state L cannot be
exchanged for more first period consumption in state H.

Also notice that at time two it would be welfare improving to (slightly) reduce per
capita consumption in state H to increase it in state L by the same amount. Again, such
opportunity cannot be exploited in autarky. The allocation §“ obviously gives a lower
expected utility than the first-best allocation §*. We will call U the expected utility

achieved under the contract §¢.



4.2 Partial Integration with Two Regions

When only two regions (say A and B) are integrated the coinsurance mechanism provided
by the interbank deposit market cannot be perfect. It would be possible to coinsure only
in states Sy and S3. In the other two states the coinsurance is not possible.

The probability that both banks will face the same liquidity need in ¢ = 1 is (-p) o ) , while
their liquidity needs will be different with probability p. Notice that (1 — p) is a measure
of the residual aggregate uncertainty. In particular, if p = 1 there is no residual aggregate
uncertainty, while if p = 0 the two banks have perfectly correlated shocks and therefore
they are in the same situation as in autarky.

The structure we consider is the following. Fach representative bank offers fully con-
tingent deposit contracts, specifying the amount that the depositor can withdraw at each
time ¢ contingent on the realization of the liquidity shocks in both regions. A deposit

contract is therefore an array

R (GRS

where ¢’ is the amount that a depositor in a given region can withdraw at time ¢ if the
liquidity shock in his region is ws and the liquidity shock in the integrated region is w,.

The decentralized banking system uses interbank deposits as follows:

e Each bank offers the contract § to the consumers and the bank of the other region;

e FEach bank deposits ky > 0 cents in the bank belonging to the other region and

receives a deposit of kg > 0 from the bank of the other region.

e FEach bank withdraws k; > 0 at time one and nothing at time two if its liquidity
shock is wy, and it withdraws nothing at time one and ky > 0 at time two when its

liquidity shock is wy,.

Withdrawing of the interbank deposit is therefore contingent on the realization of the
high liquidity shock wy. When both banks have the high liquidity shock then they have
the right to withdraw the interbank deposit and no extra liquidity is available for each
region since the withdrawals cancel out. When only one region has the high liquidity shock
then it would withdraw the amount k; in ¢ = 1, while the other region withdraws ky in
t = 2. When both regions have the low shock, they do not withdraw at ¢ = 1 but only at
t = 2, and again the two withdrawals cancel out.

Notice that in principle k = (kg, k1, k2) can be contracted upon, and each bank would
like to simultaneously choose § and k to solve the following partial integration program
[PI]:

e =2 oo () (1= oy ()] + o () + (1 =) (¢4}

02 L o () 41— sy (2 )] o (1) + (1 =) u (7))}



subject to:

r+y < 1
wsey® <y s=LH
(1-wy)y” < Re+(y—ws”); s=LH
wrel™ <y + ks
wrey™ <y —ky
(1—wg)ed™ < Rz+ <y~|—k‘1—chfI’L> — ko;
(1—wL)c§’H < Rz + (y—kl—chlL’H) + ko;
¢’ > 0 s=LH t=1,2
cf{’L > 0 cf’H > 0; t=1,2.

The first constraint represents the feasibility constraint in ¢ = 0. The second and third
set of constraints represent feasibility conditions in t = 1 and t = 2, respectively, when the
liquidity shocks are the same in both regions. In ¢ = 1, the resources invested in the short
term asset have to be sufficient to pay early consumers. In ¢ = 2, the resources invested
in the long term asset plus roll over, if any, are used to pay late consumers. The fourth
and fifth constraints represent feasibility conditions in ¢t = 1 when the liquidity shocks are
asymmetric. In this case the resources available to pay early consumers are given by the
investment in the short term asset plus (or minus) the interbank deposits. The sixth and
seventh constraints establish feasibility conditions in ¢ = 2 when the liquidity shocks are
asymmetric. The resources available in ¢ = 2 are given by the return of the long term
asset plus the roll over, if any, plus (or minus) the interbank deposits. Finally, we have
non-negativity consumption constraints in all the states of the world and all times.

The two banks solve the same problem so that they would readily agree on the condi-
tions to apply to the interbank deposit, in particular they would both like to set an optimal
k. Furthermore, notice that with p = 0 the above problem coincides with the autarky one,
and for p > 0 the autarky solution is still feasible with & = 0. Let us call 6** the optimal
contract offered in partial integration. Clearly, also 6" will give a lower expected utility
than the first-best contract §*. Moreover, we call UP(p) the expected utility achievable
under the contract 6. That is, U (p) is the value function of the partial integration
problem [PI], so that U?(0) = U“ represents the value function of the autarky problem [A]
analyzed is Section 4.1.

It is possible to establish that consumers welfare strictly increases with any reduction

in the residual aggregate uncertainty. That is,
Proposition 3 U?!(p) is strictly increasing in p.

To have an intuition for this result, remember that in autarky consumers cannot be

insured against the liquidity shock and, therefore, first period consumption is higher in
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state L than in state H, while second period consumption is higher in state H than in
state L. Hence, it would be welfare improving to smooth both first and second period
consumption levels across states. In a world of complete integration, i.e. with no resid-
ual aggregate uncertainty, the interbank deposit market can provide consumers with full
insurance, thus achieving the first-best. In partial integration, i.e. with some residual
aggregate uncertainty, consumption smoothing (across states) is only available when the
integrated regions are hit by asymmetric liquidity shocks, while symmetric shocks cannot
be diversified away. As a consequence, conditional on being hit by asymmetric liquidity
shocks, consumers welfare can be improved, but ex-ante this happens with probability p,
so that the larger p the higher consumers welfare.

Since autarky can be considered as an extreme form of partial integration with p = 0,
we clearly have that U® = UP(0) < UP(p) for each p > 0. This result suggests that,
whenever possible, consumers will take advantage of the coinsurance mechanism even if it
is not perfect.

After having established that partial integration is always welfare improving with re-
spect to autarky, we now analyze the allocation reached under partial integration. We first

establish the following

Proposition 4 Under partial coinsurance we have that cf’L = ctL’H =7 fort=1,2.

Moreover, optimal consumption can be achieved with k; = koc)™" for t = 1,2, with ko =

(W —7)-

This proposition states that the interbank deposit market is used to fully coinsure
against the liquidity shock provided that such coinsurance is possible, that is, provided
that the two regions are not hit by the same shock. In this case the consumption level in
period t is not affected by the liquidity shock and in the remainder of the paper it will be
referred to as ¢’ °. We will also refer to states (H, H), (L, L) and (s, —s) with an obvious

interpretation. An allocation is now an array

5= L.L s—s HH
- Y, x, (Ct 7Ct 7ct >t—12 :

Plugging the optimal values for k; and ky into the original feasibility constraints in
problem [PI], and taking into account that = ¢l = 7% the optimal allocation
in partial integration is given by the solution to the following reduced partial integration

problem [RPI]:

g =5 o () (0= () b (67 + =)0 67

AP e (o) + 0 ()]
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subject to

y+ao < 1
wsey” <y s=LH
et <y
(1—ws)ey® < Rr+ (y—ws®); s=LH
(1-=7)¢" < Re+ (y—vd™7);
¢ > 0, s=L,H t=1,2
ST > 00 t=1,2.

All the constraints have the same interpretation as in the program [PI]. Notice that, with
p = 1, the problem [RPI] is equivalent to the problem faced by a representative bank in
a fully integrated region (i.e. with no aggregate uncertainty). Given Proposition 3, this
implies that U?'(p) < U?"(1) = U* for each p < 1.

Let
pr o pi.pi L, —s,—s —H,H
6 _{y y & 7{(Ct 7Ct 7Ct ) ‘=19

be the optimal allocation offered to consumers under partial integration. We have the

following

Proposition 5 The optimal allocation with partial integration 6*° satisfies

—_H.H —8,—8

_LL _ _L,L —H,H

<<t <e <

Notice that all inequalities are strict if and only if rolling over is never optimal. Ac-
cordingly, roll over is never optimal when both shocks are high. Otherwise, if roll over is
optimal when the shocks are asymmetric, i.e. in state (s, —s), then it is also optimal when
the shocks are both low, i.e. in state (L, L). Finally, roll over can be optimal only in state
(L,L).

To conclude the analysis under partial integration, we analyze how the possibility of
partial insurance affects the optimal investment in the short term asset. That is, how
the optimal investment y”* depends on the residual aggregate uncertainty. We have the

following

Proposition 6 Under partial integration, the optimal investment in the short term asset

yp

t is decreasing in p if and only if y* < y?, and it is increasing in p if and only if y* > y*.
That is, under partial integration the optimal short term investment y”* always lies
between the autarky level y* and the first-best level y*. Furthermore, any reduction in
the residual aggregate uncertainty (that is, any increase in p) makes y** to move towards
y* and further away from y®. In order to better understand Proposition 6, it is worth to

analyze the following
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Corollary 1 If R is sufficiently close to 1, then the optimal investment in the short term

asset yP'(p) is decreasing in p.

The easiest way to grasp the intuition of the previous corollary is to assume R equal
to 1.1 On the one hand, the first-best investment in the short term asset y* is equal to
(see condition 3). On the other hand, in autarky the optimal investment in the short term
asset y® depends on the presence of roll over (see the Appendix for more details). Indeed,

solving program [A] the first-order condition that determines y* is

U (eff) +u' (cf) = R W (') + o ()]

H(a) (a) L(a)
1

. (a)

Clearly, when R = 1 the solution without roll over ¢ < clL < cg cannot be

optimal since it cannot satisfy the previous condition. Then the only solution can be the
one with roll over when the liquidity shock is low, that is c?(“) < cf(“) = cg(a) < cf(a).
This solution implies that the short term asset is determined by the following condition
o <y_a) = Ru/ (—R(l — ya)) + (R —1u'(R(1 —y*) + y*).
Wy 1—wgy

Accordingly, when R = 1 we have y* = wpy. Since 7 < wy, it follows immediately that
y* < y*. By continuity, for values of R sufficiently close to 1, it still holds that y* < y°.

We are now in a position to gain the intuition for Proposition 6. We have to distinguish
between two cases. The first case is when consumers in autarky find it optimal to invest
more in the short term asset than the efficient investment (that is, y* < y*). In this case,
consumers’ main concern is to have a minimal level of consumption if they turn out to be
early consumers. For this reason they are willing to give up some of the higher returns that
can be achieved with the long term investment. Clearly, this is likely to be the case if R is
not too large. In other words, the bad state is the one in which more people turn out to be
earlier consumers. Therefore, when consumers have the opportunity to partially integrate,
making coinsurance against the bad state possible, they find it optimal to reduce the short
term investment. This allows consumers to take advantage of the higher long term returns.

The second case is when consumers in autarky find it optimal to invest less in the short
term asset than the efficient level (that is, y* > y®). In this case, the efficient level of short
term investment is (relatively) high. This may happen when the return on the long term
asset is so large that consumers would like to invest efficiently in the long term asset only
a (relatively) small fraction of their endowment. In this way consumers efficiently achieve
a high level of consumption either as early or late consumers. Indeed, even a (relatively)

small investment in the long term asset is magnified by a large R. However, in autarky

'Formally, when R = 1 the optimal policy is not unique. Any investment y > wy and y > 7 will
sustain the optimal consumption under autarky and under complete integration, respectively. However,
for R > 1 the optimal policy is unique, and the policy we describe is the limit as R goes to one of the
optimal policy.

13



the possibility that there might be too few early consumers prevent banks from investing
too much in the short term asset. Here, the bad state is the one in which few people are
earlier consumers. Therefore, when consumers have the opportunity to partially integrate,
they find it optimal to increase the short term investment. This allows to guarantee also
early consumers a sufficiently high level of consumption.

It is worth to show numerically under which conditions the two cases arise. Let us
assume a CRRA utility function with relative risk aversion equal to 6, and different values
for the liquidity shocks wy and wy. Figure 1 shows for which values of R and # > 1 the
condition y* < y® is satisfied.? Considering the values for the liquidity shocks as w; = 0.5
and wy = 0.7, which imply v = 0.6 and wy —w = 0.2, the condition y* < y* is satisfied in
the region above the line labeled v = 0.6. A similar interpretation can be given to the other
lines.® Tt is clear that for reasonable values of the return of the long term asset (that is,
R < 1.5) the condition is always satisfied. For higher values of R (that is, 1.5 < R < 2.5),
then we need a sufficiently high risk aversion (i.e., # > 3) for the condition y* < y* to be
satisfied.

Figure 2 assumes a higher variance for the liquidity shocks but otherwise is identical to
Figure 1. In this case, the region where the condition y* < y® arises is even larger. Indeed,
for R < 2.2 the condition y* < y* always holds and for 2.2 < R < 3 it holds for 6§ > 2.

In the remainder of the paper we will mainly focus on the case in which y* < y*. We
consider this case to be more natural to study the partial coinsurance mechanism. Indeed,
it seems plausible that coinsurance mechanisms are set to face possible liquidity shortage.
In the rationale of our model, this means that the bad state is represented by the one with
more early consumers. That is, the coinsurance mechanism is a device to decrease liquidity

holding with respect to the autarky situation.

5 Financial Integration and the Depth of Systemic

Crises

In the last section we have established that, whenever possible, the regions find it conve-
nient to coinsure against the liquidity shocks. This result is driven by the fact that the
uncertainty of liquidity needs is the highest in autarky and it is reduced when the residual
aggregate uncertainty becomes lower.

This is easy to verify. Let us compute the variance of liquidity shock in autarky. Given

2For values of # < 1 the condition y* < y® is always satisfied in our numerical examples (available upon
request).
3Also in this case, for values of v < 0.5 the condition y* < y® is always satisfied in our numerical

examples (available upon request).
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that the expected liquidity shock is %w -+ %w 1 = 7, the variance is

2
vare = <wH 2 wL)

Under partial integration the expected liquidity shock is

1-p
——wy +py+ wg =1,

2 2

and the variance is

Varli(p) = —lwn —7)° + (wr =)’ = (1 = p)Varl.

Clearly, if p = 1 (no residual aggregate uncertainty) the variance of the liquidity shocks
is zero (as in the first-best solution) and if p = 0 the variance in partial integration is the
same as in autarky (there is no reduction in residual aggregate uncertainty). The variance
of liquidity shocks under partial coinsurance is strictly decreasing in p.

In this section we analyze the implications of partial integration for the depth of the
systemic crisis. We use two measures: the first is the cost of liquidity, i.e. the interest rate
charged by banks in the interbank market; the second is the real effect, i.e. the variance and
skewness of the optimal consumption profile. That is, once the regions have the possibility
to reduce only partially the residual aggregate uncertainty, what are the implications for

the cost of liquidity and the optimal consumption distribution?

5.1 The Cost of Liquidity

In the present model the liquidity of a given bank can be defined as the amount of resources
it has available at t = 1. In the first place, this means the amount invested in the short
asset y, but this amount can be increased at t = 1 by withdrawing k; from the interbank
deposit market. In this way the bank increases the liquidity at its disposal but looses the
opportunity of withdrawing k, at t = 2 from the same interbank market.*

Considering partial integration, the previous observation naturally leads to the following

Definition 1 Under partial integration, the cost of liquidity at t = 1 and state (s1,s2),
with s; € {H,L},i=1,2, is equal to

51,52 51,52
- S1,82 ~ 51,52 °

L2 —

4Notice that the cost of liquidity defined in the text represents the cost of liquidity in ¢ = 1. Ex ante,
i.e. in t = 0, the opportunity cost of investing in the short asset coincides with the missed return on the
long asset (i.e., R). In a sense, this ex ante opportunity cost of liquidity is completely determined by the

technology, and it is independent of the regions’ degree of integration.
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The interpretation is straightforward. The ratio ¢3""** /¢]*"** represents the gross interest

rate on the interbank deposit market. That is, the opportunity cost that the bank faces
in gathering liquidity in ¢ = 1 in terms of lost second period resources. In other words,
the cost of (increasing) liquidity in ¢ = 1 is defined in terms of the amount of resources
given up for consumption in ¢ = 2. Notice that the incentive compatibility (IC) constraint
17 > 37" implies C'L#°2 > 1. Furthermore, if there is some positive roll over in state
(s1,s2) then the (IC) constraint binds and the above definition implies a value for the cost
of liquidity equal to one. Indeed, whenever banks are rolling over liquidity in ¢t = 1 it is clear
that there is an excess of liquidity and its cost drops to the minimum. However, if there is
no roll over in state (s1, s2) then the (IC) constraint is slack and we have C'L*1%2 > 1.
Under complete integration there is no residual aggregate uncertainty, so there is only
one state of the world in which there is exactly a fraction v of early consumers. In this

case we have the following

Definition 2 Under complete integration, the cost of liquidity at t = 1 s equal to

o=@ v U=y)p (5)
g l—=v y
Since the incentive compatibility condition in complete integration is not binding (¢} >
ct), the cost of liquidity under complete integration is always constant and greater than
one, i.e. C'L* > 1. Notice also that the relationship between the cost of liquidity, as defined
above, and the aggregate fraction of early consumers v is not necessarily monotonic. In
fact, implicitly differentiating condition (3) we can obtain % > 0, so that the sign of %
cannot be determined. Intuitively, the larger the fraction of early consumers, the larger
the investment in the short asset. Hence, in ¢ = 1, the greater v the higher the need of
liquid resources, which points toward a higher cost of liquidity. However, a greater v also
implies a larger amount of liquid resources already available before getting to the interbank
deposit market, which points toward a smaller cost of liquidity. The overall effect is then
ambiguous.
Under partial integration the cost of liquidity in state (s1, s2) depends on the degree of

integration, that is, on the value of p. We have the following

Proposition 7 Assume y* < y*, then the cost of liquidity under partial integration is

strictly increasing in p in state (H, H), and it is non decreasing in p in any other state

(81, 82).

The intuition is the following. When y* < y?, the investment in the short liquid asset
decreases with p so that, ceteris paribus, there will be an increased need of resources in
t = 1 in any state with no roll over, which induces a higher cost of liquidity in any such

state.
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In autarky, since there is no interbank deposit market available, to increase liquidity
beyond the short asset y is not even feasible. In this case the cost of liquidity can be
considered to be infinite. This is quite intuitive since in this case it is impossible to
smooth out the (maximum) variance of the idiosyncratic liquidity shocks. Consequently,
both under perfect integration and partial integration (i.e., whenever the interbank deposit
market is feasible) the cost of liquidity is clearly lower than in autarky. However, it is not
clear how the cost of liquidity is related under complete integration and partial integration.
In particular, is the cost of liquidity under partial integration lower or higher than under

complete integration? The following result provides an answer to this question.

Proposition 8 Assume y* < y*, then the cost of liquidity under partial and full integration

are ordered as follows:
<ol <o~ <CLr < oL vpe(0,1).

To have an intuition for the result consider that, under the maintained assumption
y* < y*, banks invest more resources in the short liquid asset if they are partially integrated
than if they are fully integrated. They do so because they face some, possibly small,
probability of a systemic high liquidity need, that is the state (H, H). However, in any
other state, this extra amount of liquid resources turns out to be excessive (with respect
to the first best) and drives down the cost of liquidity. When, on the contrary, the realized
state is (H, H) the liquidity is however not enough and banks in both regions try to gather
more resources on the interbank deposit market thus pushing up the cost of liquidity with
respect the complete integration case.

It is interesting to show by means of examples how the costs of liquidity are determined.
Again, let us assume a CRRA utility function with relative risk aversion equal to #. In
Figure 3 we assume § = 5, R = 1.4, wy, = 0.1 and wy = 0.8. In this case, the cost of
liquidity under complete integration is slightly higher than one. The cost of liquidity under
partial integration when the state is either (L, L) or (s, —s) is equal to 1 since optimality
requires roll over in both states. Under partial integration the cost of liquidity is then
very close to the one under complete integration. However, in state (H, H) the cost of
liquidity can become very high when residual aggregate uncertainty is very low. The cost
of liquidity can be more than five times higher then the cost of liquidity under complete
integration (or partial integration without crisis).

In Figure 4 we assume # = 1.5, R = 1.8, w;, = 0.6 and wy = 0.9. In this case the cost of
liquidity under complete integration is 1.5. The cost of liquidity under partial integration
is equal to 1 in state (L, L) since roll over is optimal. In state (s, —s) roll over becomes
not optimal and the cost of liquidity in this case increases with p, converging to the cost of
liquidity under complete integration for p — 1. The cost of liquidity in state (H, H) is well
above the others for all the values of p. It ranges from 2 to 3 times the cost of liquidity

under complete integration.
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5.2 The Distribution of Optimal Consumption

In order to assess the real consequences of partial integration, we analyze the variance and
the skewness of optimal consumption. We focus our attention on the consumption profile

in ¢ = 1 since this is the date where the systemic crisis can occur.

5.2.1 Consumption Variance

In the first-best allocation, consumption uncertainty is completely eliminated through the
interbank deposit market, while in autarky and partial integration perfect coinsurance is
not feasible and consumption variance is unavoidable. Of course, as the residual aggre-
gate uncertainty vanishes, i.e. as p approaches one, the consumption variance in partial
integration also vanishes. However, we show that if the residual aggregate uncertainty
under partial integration is large enough, consumption variance could be larger in partial
integration than in autarky.

Let Var® be the consumption variance in autarky. With some simple algebra it is

L(a) H(a)\ 2
c —c
a 1 1 )
&CLT’ = (—2 )

Similarly, let Var?'(p) be the consumption variance under partial integration, when the

possible to obtain

probability of asymmetric shocks is p. Let us denote with ¢} the average consumption in
t = 1 when the integrated regions are hit by the same liquidity shock, that is
_HH | _L,L
ee_a 4
! 2
Then the consumption variance in partial integration can be written as

‘ EL,L_EH,H 2 ES,S_ES,—S 2
Varri(p) = (1 -p) (1—21 >+2p<1_21 )

This expression has a useful interpretation. Possible values of first period consumption

can be divided into two groups: consumption in case of undiversifiable liquidity shocks,

et and e (with average @°), and consumption in case of diversifiable liquidity shock,

¢y (clearly with average ¢ ”). Total consumption variance then depends on both the

_L,L  _HH\?2
g — G

2
—S,8 _s,—s\ 2
L — G

2
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Furthermore, note that we have Var? (0) = Var®. This immediately follows from the
fact that, when p = 0, the allocations in autarky and partial integration coincide (i.e.,
@ = bl and ' = ) On the other hand, we have Var?(1) = 0 that is equal
to the first-best consumption variance. However, for p € (0,1) consumption variance in
partial integration can be higher or lower than the variance in autarky. We have the

following

Proposition 9 If y* < y*, and rolling over is optimal in both states (L, L) and (s,—s) for
p around 0, then it exists a threshold p* such that

Var?'(p) > Var® for p € (0,p*).

Note that both conditions are satisfied for R sufficiently close to 1. To have an intuition
for this result, notice that for p close to zero the within-group component of total variance
dominates and, if rolling over is optimal in both states (L, L) and (s, —s), it is decreasing
in y. Furthermore, if y* < y® Proposition 6 implies that y(p) decreases in p so that, for
p small enough, the larger p, the smaller y(p), the larger the variance. This result shows
that when financial integration leaves a sufficiently large residual aggregate uncertainty,
then the two regions would experience higher consumption variance than under autarky.
However, it is optimal to expose the system to this higher consumption variability since
the partial integration implies also higher expected utility.

Figures 5 and 6 show two cases of Proposition 9 where, under the assumption of a CRRA
utility function with relative risk aversion equal to # and plausible parameter values, the
standard deviation of consumption under partial integration can be higher than the one
under autarky.

In Figure 5 we assume # = 5, R = 1.4, and wy — wy = 0.7. In this case, the volatility
of consumption under partial integration is always higher than the one in autarky (except
when the residual aggregate uncertainty is close to zero). It is interesting to notice that
the maximum volatility is obtained for a relatively high value of partial integration (i.e.,
p = 0.9). At the peak the magnitude of volatility under partial integration is 4 times the
one in autarky. In Figure 6 we assume 6 = 1.5, R = 1.8, and wy — wy, = 0.3. In this case,
volatility of consumption under partial integration is higher than the one in autarky until

p = 0.65. The order of magnitude is lower.

5.2.2 Consumption Skewness

The skewness is a measure of the symmetry of a certain distribution. By definition, a sym-
metric distribution has zero skewness while, roughly speaking, negative skewness indicates
that the left tail is longer while the mass of the distribution is concentrated on the right of
its support. The opposite happens for a distribution with positive skewness. Notice that
negative skewness characterizes consumption distributions that allow for particularly low

values of consumption with some small probability.
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Given a random variable X with mean pu, standard deviation ¢, and third moment
My = 3 Pr(a)(x — ),

we consider, the standardized third moment as a measure for the skewness sk.? That is,

M;

Sk = F
In autarky, first period consumption is distributed symmetrically, indeed it is either
c{{(a) with probability 1/2 or cf(a) with probability 1/2. Accordingly, its skewness is zero,
that is sk® = 0. In the first-best allocation, consumption is not random so that its skewness
is zero as well, that is sk* = 0. In partial integration, consumption can assume the values

_HH _s,—s

¢, ¢ or ElL L with probabilities 122, p and 12, respectively. Let skP!(p) denote the

2 2
consumption skewness in partial integration as a function of p. In order to provide a useful

characterization of its sign, we establish the following

Lemma 1. The quantity skP'(p) has the same sign as [(Ef’L - Ei’fs) — (E‘;’fs — E{IH)} ,
that s

. —L,L —S,—S —8,—S —-H,H
if -6 <l|c -7

<0
sk(p) =0 if (et —ep) = (e -
>0 it () > (@),
In principle the consumption skewness can be either zero, positive or negative depending
on the model’s parameters. However, notice that if roll over is optimal in both states (L, L)

_LL _ s
and (s, —s), then ¢,"” = ¢ * and, therefore

_ (=L,L —8,—S§ —8,—S§ —H,H

which implies that the skewness is surely negative.
On the other hand, if roll over is never optimal, it is a matter of simple algebra to check

that , :

wy —wr Y (_L,L —s,—s) (—S,—s _H,H) wy —wr Y

Wy + Wi, wr, WH + WL WH
so that the skewness is surely positive. Finally, if roll over is optimal in state (L, L) but
not in state (s, —s), then the consumption skewness can be either positive or negative. We
have the following

ywg R
ywg R+2whr—y(1+wH

Proposition 10 Assume y* < y®, and let y =
such that

7 then it exists ap € (0,1)

and

. . . . 3(u—mode
% Alternative, simpler measures are provided by the Pearson skewness coefficients w

M. Notice that if a distribution has a negative skewness according to a certain measures, then it
also has a negative skewness according to other measures. Clearly, the absolute value will be different. Our

results on consumption skewness refers to its sign so that they are independent of the skewness measure.
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1. if y<y*<y® then skPi(p) <0  for each p

<0 if p<p
2. 4f y* <y <y then skPi(p)X =0 if p=p
>0 if p>p

3. if y*<y*<7y then skP'(p) >0  for each p.

Also for the skewness we established conditions where the partial integration implies
a negative skewness in the consumption distribution. In particular, this will be always
the case when roll over is optimal in both the state (L, L) and (s, —s). When roll over is
optimal only when the two liquidity shocks are low, the skewness will be negative if partial
integration leaves a sufficiently large residual aggregate uncertainty.

To illustrate numerically when a negative skewness arises, we assume again a CRRA
utility with relative risk aversion . In many examples it turns out that, by increasing 6
and holding fixed the other parameters, one can move from case 3 to case 2 and then from
case 2 to case 1 in Proposition 10. That is, for § small enough the model behaves according
to case 3 but when 6 reaches a certain threshold then the model switches to case 2. For
larger values of 6 the model stays in case 2 until another threshold is hit that makes it
switch to case 1. Table 1 shows these thresholds in some numerical examples. It is evident
that for R < 3 a value of § > 3 guarantees that case 1 will prevail (that is, the skewness
will be negative).

Propositions 9 and 10 immediately imply the following

Corollary 2 Assume y* < y*, p < p*, and rolling over being optimal in state (L, L) and
(s,—s). Then skP(p) < 0 and Var?(p) > Var®.

Table 2 and 3 contain consumption standard deviation and skewness in several exam-
ples. Note that the constant standard deviation in autarky corresponds to the value of
p = 0. Independently of the residual aggregate uncertainty, the skewness is always nega-
tive under case 1 and always positive under case 3. A sufficiently high residual aggregate

uncertainty (i.e., a sufficiently low p) guarantees a negative skewness also under case 2.

6 Conclusions

In this paper we show that partial financial integration can be ultimate cause of extreme
events. Partial integration is always welfare improving with respect the autarky as long as
it helps in reducing aggregate uncertainty. This implies that banks optimally reduce the
amount of liquidity holding, which is equivalent to say that liquidity holding in autarky is
higher than liquidity holding under complete integration. However, less liquidity holding

opens up the possibility to extreme events. Indeed, when the crisis occurs, under partial
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integration the cost of liquidity can be unusually high. Moreover, the optimal consumption
distribution under partial integration is characterized by higher volatility than under au-
tarky. Also, negative consumption skewness can be displayed. We have shown that, even
for low amount of residual aggregate uncertainty (i.e., very low probability of systemic
crisis), all these effects can be quite remarkable and the systemic crisis can be deep indeed.

22



Appendix

Proof of Proposition 1. In a competitive equilibrium the deposit contract offered by
the representative banks maximizes the ex ante expected utility of the consumers. All we
need to show is that the constraints faced by the representative banks, with the help of
the interbank deposit market, are the same as the constraints faced by the social planner
bothint =1 and t = 2.

The region with high liquidity shock has the following budget constraints in ¢ = 1 and
t=2:

wger <Y+ (wg —7y)er,

and
(1 —wg)cs + (wg — ¥)ea < R,
Both constraints are the same of the social planner problem. The region with low liquidity

shock has the following budget constraints in t = 1 and t = 2:

wrer + (wg —7)er <y,
and
(1 —wp)es < Rx + (wy — 7y)co.

Since wy — v = 7 — wy, also this region offer first-best allocation since the constraints are

the same of the social planner. m

Proof of Proposition 2. Consider the autarky problem [A]. Optimality requires z+y = 1

(no waste of resources). The problem then can be simplified as follows:

1 1
max 7 [wru () + (1 —wr)u (c3)] + 3 [wru (ef) + (1 —wr)u (c)]
subject to

wLC1L <
wiey <y

1-wn)e < R(l-y)+y—wne';

(I-wi)ey < R(1—y)+y—wee;

¢g > 0, s=LH t=1,2.

Inada conditions guarantee that ¢ > 0 Vs and V¢, and that y € (0, 1).

23



Let p; be the multiplier for the feasibility constraint at time ¢ in state s. First order

conditions for an interior solution are then:

Sl (elf) = 4 (©

S (cF) = b+ 1k @

Sl () = ®

Sl () = )

u (eff) +u' (ef) = R [ () + ' ()] (10)

It immediately follows that 5 > 0 so that second period feasibility constraints are
binding in both states. Moreover, first period feasibility constraints cannot be both slack,
otherwise it would be possible to increase expected utility by investing slightly more in the
long term asset.

Assume that wycl! < y so that pff = 0, and wrck = y. Therefore, it follows that

k=YL > 2% > e and then also
wr WH

1 1
= S ) > Do) =
which implies p > pl and then cf < cl. However, from feasibility constraints it also
results that
y_ RO-y+y—wnel) Rl-y) RQ-y) _ .

@ = (1—wn) T O-wn) (—wy @

which is a contradiction. As a consequence, roll-over is never optimal in state H.

Roll-over could be optimal in state L. From (7) and (9) we have
u'(ey) = 2py =1 (c3)

then ¢l < ¢l (so incentive compatibility is satisfied when the shock is low). We have two

cases to consider:

e 1} > 0 (solution without roll over in state L). Then we have c¢f = £ > L =
1 1= o, T wp =G

and this implies that ¢ = }f(f;i) > Rl(,l;?:)

y is determined by (10) that becomes

= ck. So we have cff < cf <l < cll and

(L) ul( L) = A (BEZ D) oy BE 0y (1)

Wy wi, 1—wL 1—wH
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e ul =0 (solution with roll over in state L). In this case we have c¢f = ¢l < -, this

R(1—y)+y—wrck
1—wp,

implies that ¢} = = ¢k = R(1 —y) +y. From (10) we also have that

1
§UI(C{{) =/ (e )R+ () (R—1) > u'(cy) = ¢ff < ¢,

and that

1
éu'(c{{) =/ (R + 1/ (cH)(R—1) >/ (c}) = I <k =ck.

Finally, notice that

Rl-y) vy
H H
> — > — = R(1 - >y = R(1-
€ & o  on ( y)l_wH y ( y)[l_wH
R(1
- %>R(1— )+y:>C£I>C2L.
So we have cff < ¢l = ¢l < ¢l and y is determined by (10) that becomes
R(1—
u' (l) = Ru/ (M> +(R—1u(R(1—y)+y). (12)
wWH 1-— wWH

]

Proof of Proposition 3. Let {¢;},_,, = {(CtLL et Eht, EtHH)} be the optimal
3 t—

consumption levels for some p > 0. Let us show that the following inequyality

[wHu (E{{H> +(1—wpy)u (5§H>] + [wLu <Ef’L> +(1—wp)u (EQL)] >
[wHu (chL> +(1—wn)u <C§L>] + [wLu (clL H) +(1—wp)u <c§ H)}

cannot hold. In fact, if the inequality is strict the alternative consumption plan

GHH GHH GLL LI
G G G G 1

which is surely feasible with £ = 0, strictly improves consumers’ utility when the probability

of asymmetric shocks is p, contradicting that ¢ is optimal.

In case of equality, both (cHH, clLL,EfH, éL) and < HL,Ef’H,EfL cg H) must be the

autarky level of consumption, that is
~ L(a L(a H(a H(a
{Ct}t:LQ = {(Ct( )7Ct( )7Ct @ 1 G ( ))}t:w-

To see this, note that if a generic consumption profile

(s = {(P b )
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is feasible in the partial integration problem for some k, the consumption levels

HH L.L
c,’ c,’
{ ,t>L42

are feasible also in the autarky problem and, therefore, the quantity

% [wHu (E{{’H> + (1 —wn)u (EgH)] + % [wLu <Ef’L> +(1—wp)u ('cng)]

is bounded above by the autarky utility U®. Furthermore, U® is only achieved with autarky

consumption levels (i.e. the solution to the autarky problem is unique) so that if
[wHu (E{IH> + (1 —wpg)u (EJ;HH + [wLu (ElLL> +(1—wp)u (E'SL)} =

[wHu (E{{’L> + (1 —wn)u (EfL)] + [wLu (EfH> +(1—wp)u (ESH)}

and consumption levels are not at the autarky level, consumers welfare could be strictly

increased by offering them

L(a L(a H(a H(a
{(Ct( )act( )7ct ( )7Ct ( ))} )
t=1,2

)

which is feasible with k£ = 0.
This shows that, if the previous equality holds, it must be that

~ L(a) L(a) H(a) H(a
[@hemrn = (0, >)}t:12.

However, if this is the case, since the autarky consumption levels are feasible with k = 0,

the alternative consumption plan ¢ with

e H(a) H(a) € L(a) L) €
= ) +_7 ) -
i =(q 5 Wi €1 G wL)
and
H(a H(a € L(a L(a €
C; - <C2( )702( ) - ].—CL)L7CZ( )702( )+ ]-_WH>

is feasible with y* and k = (g, ¢, ¢).
Furthermore, with respect to autarky the consumption plan ¢® generates a variation in

utility given by:

Wy {u (C{I(a) + i) —u (c{[(a))} + wr, {u (cf(“) — i) —u (Cf(a))] i
WH wr,
(1 —wn) |u Clzq(a) - ) - U (C{I(a)> +(1—wyp) |u cf(a) + _° ) - U (cf(a)>
1-— Wy 1 — Wy

that for € small is approximately equal to
e { [l = w ()] + [w(e) ~ i) } >0,
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so that ¢° is an improvement over autarky. This is a contradiction and, therefore, it must
be that

[wHu (E{IH> +(1—wpg)u (cfHﬂ + [wLu (ElLL> +(1—wp)u (E'SL)} <

o () + 010 ()] o () -0 (7))

Consider now p’ > p, and notice that feasibility constraints are not affected by p so that

{ci}—, is feasible also with p'. Furthermore,

U > 1 —2p’ {[wHu (E{{H> +(1—wp)u <E£{H>] + [wLu <clL L> +(1—wp)u (E§L>] } +

/

2 o (214) o ()] ¢ () o (7))}
L0 o (28 + 1 -1 ()] ¢ frn (7)1 -
2 (o (7)1 - (7))« [ (57) 010 (7))} = 0.

Proof of Proposition 4. Consider the partial integration program [PI]. Let ,uf’s/ be the
multiplier associated with the feasibility constraint at time ¢ and state s,s’. Among the

first order conditions of the problem we have the following:

) =l
B = b
¢ gl ) = s
CaE §U’(C§ M=t
ky : pit = !
ks : pot = pzt.
An immediate implication is that cHL = ct M for t = 1,2. Notice that the optimal values

of ko, k1, and ko are not unique. In particular, ky can be any non-negative number (it
doesn’t even enter the bank maximization problem) while different values for k; and ko
could support the same consumption levels but with different roll-overs. To eliminate this
multiplicity, we will focus on the solution that allows for the same amount of roll over
in both state (H,L) and (L, H). More precisely, let (6pi,k) be optimal and define the
following quantities:

ROH =y -+ /ﬁ — (,LJHCi7

—S8

RO, =y — k1 —wrey

RO — ROH;ROL,
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where RO, denotes the amount of roll over when the shock is s in our region and —s in the
other region, and RO is the mean roll over. It is then possible to check that if we consider
k' instead of k, where we set k; = k; — w for t = 1,2, then 6” is still feasible and,
therefore, ((5m, K ) is also optimal. However, with &’ the amount of roll over in state (H, L)
and (L, H) is the same.

Taking into account that period two feasibility constraints are binding, that is cf[ e

ctL A ¢, °, and denoting with RO the amount of roll over in case of asymmetric shock,

the feasibility constraints for state (H, L) and (L, H) are:
wgey T+ RO =y +k
wrel P+ RO =y —k
(1 —wpy)ey > = R+ RO — ky
(1 —wp)cy™® = Rx + RO + ks.
Subtracting the second from the first and the third from the fourth, we have

S,—S§

ki = (wug —7)c

and

—S

ky = (wg — )y

Proof of Proposition 5. Consider the reduced partial integration problem [RPI]. Op-

timality requires z +y = 1 (no waste of resources) and, as shown in Proposition 2,
w Hcf A= y. The problem then can be simplified as follows:
max plyu(e™) + @ =y)u(e™)] +

; L,L s,—s H,H
{ym’{(cf o )}t:I,Z}

+% {wgu <i) 4 (1 —wi)u (C§H> +wru (cf’L> +(1—wp)u (CSLH

WH
subject to
wrey™ <y
vt <y
(1—wm) " < R(1-y);
(1-wp)e” < R(—y)+y—weer™;
(1=7c" < RA-y)+y—yaq
¢ > 0, s=L,H t=1,2
ST > 0 t=1,2
0 < y<1



Inada conditions guarantee that ¢;* > 0 Vs and Vt, ¢;”° > 0 Vt, and y € (0,1). Let u;”° be

the multiplier associated with the feasibility constraint at time ¢ and state s = H, L, and

iy ° be the multiplier associated with the feasibility constraint at time ¢ and state s, —s.
The FOCs are:

1— D Yy s,—S s,—S
TUI(E) + M ‘|” By o= MQ "R +u 2 (R — 1)+ py (R —1); (13)
1- 1—-p L.L L,L L,L
9 ,(Cl ) = Ay (14)
pu(ey™?) =y (15)
pu'(cy™) = py % (16)
I—p H.H H,H
5w () =y (17)
1—p
Lol () = gt (18)

It follows immediately that p2" > 0, g2 > 0, and 5 ~* > 0. Then all second period

feasibility constraints are binding. From (14) and (18) we have
(1= py' (") = 2u" = (L= p)'(e5”") = " < 57

considering (15) and (17) we have

S,—S

pu' () = =pul(e ) =T <G

Then incentive compatibility is satisfied when both shocks are low and when they are

negatively correlated. We have four cases to consider:

o u" > 0and 4P * > 0 (solution without roll over). Then we have ¢i°" =L> L=
A and this implies that " = Bl-w) - Rl-v) _ ¢t Moreover, ¢&* = ¥ >
1 2 1—wgy 1-wp, 1 v
2 = HH which implies that ¢5° = 2129 o we have
wH Lo 2 1=y
o LL _ LL HH

<ot <t < eyt <oy T < ey
and y is determined by

1_p 1_p S, —8 1_p 1_p 3,—8
L2 el P by (%) = RE Pl (e 4 2 Ll () o (7))

2 2
(19)
. lulL’L = uy"* = 0 (solution with roll over when both shocks are low or asymmetric).
In this case we have ¢’ = " < L, and 7" = ¢;7° < L. The former implies that
R(1—y) +y—wrep”
cé’L: ( yi ‘Z} e :>c§’L:R(1—y)+y.
—wr
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Similarly, ¢5~° = R(1 — y) + y. From (13) we have that

1_p S,—8
() = Ryt (R = 1) + 5y (R = 1),

and since the RHS is greater than ,uf ' we have that

H,H H,H R(l - y)
Cl -

< = .
2 1 — Wy
Finally, notice that
Rl-y) _ y Wi 1
H,H H,H
> —_ — > — — R(1 — >y = R(1 — -1 >
¢y’ Cn Lon ~ on ( ml_wH y ( yﬂl_wH ] >y
R(1 — s
_, fl-y >SRA—-y)+y=c"" >t ="
1 — Wy
and that
R(1 —
g nn L RBAZY) W pg s Y s R — ) > Ly
1 —Wwg wWH wWH WH
= R(l—y)+y> = — il =5 > AN,
wWH
So we have
A bl s L s o IDH
and y is again determined by (19), which now can be written as
L—p , wm L—p , wm l—p , 1L 5,5
B ety = REZPur (el o (R - D Pl () 4 (7).
pi" =0 and 157 > 0 (solution with roll over only when the both shocks are low).
InthlscasewehavecLL—c2 —R(l— y)+y <L, =% and cy S:Rff;y).
Accordingly, ¢ % > " and ¢ < ", From (15) and (16) we have
plu(cr™) — (@) =T > 0= <y’
Notice that
$,—8 S, —S$ R(l — y) Y Y 1
' > = 2> 2 = R(l—y)—— >y = R(1 — — =1 >
¢ ¢ = 5 ( wl_v y ( wg_v >y
R(1 —
= %fyy) >R(l1—y)+y=cy "’ >c§L.
Similarly,
_ _ R(1— _
T > = M LN R(1-y) > y—y = R(1—y)+y > LN ot >
-7 Y Y Y

The solution in this case is

H LL H,H

and y is again determined by (19), which now can be written as

P o (c5%) = B Ll () (e +(R-1) 1 Dl (). (20)
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e ui" > 0and p$~* = 0 (solution with roll over only when the shocks are asymmetric).

In this case we have ¢; " = ¢ = R(1—-y)+y < £ and e L and b = By

Accordingly, ci" > ¢l and ¢ < "7 From (14) and (18) we have o
S ) — ()] = > 0= b < e

Notice that

>t —= Rl(l_—;f) > wiL — R(1-y) > a%—y = R(1—y)+y > wiL = ]

This cannot be a solution since ¢i"" = L>t>q7".

Proof of Proposition 6. Consider the reduced partial integration problem [RPI]. Let y(p)
be the optimal investment in the short asset for a given probability p. Clearly y(1) = y*
and y(0) = y*. Notice that y* is the solution to:

u (91 (y) — R (p3(y)) =0 (21)

while y* solves:
o (o) o () - R (W) (W) =0 @)

where ¢} and (gof(a), gpf(“)> describe optimal first period consumption in problem [FB]

a L(a
()7¢2(

second period consumption as a function of y in problem [FB] and [A], respectively. Notice

and [A], respectively, as a function of y. Similarly, ¢} and (gpf )) describe optimal

also that y(p) is the unique solution to
% {w (W) + o (et W) = R [ (e W) + o (e5"w)) | } +

+p {u’ (¢5(y)) — R (¢5°(1)) } =0, (23)
where o) f and ! describe optimal first period consumption in problem [RPI] as a
function of y, whereas i, ©3 and L describe optimal second period consumption in the
same problem, again as a function of y. All the s are continuos functions and it is also
possible to check that:

Pi(y) =2 #ily) = I

(pf(a)(y) _ % 905(&) (y) = 11—_wa

o) =min { L. (1-pR+y} @ (y) = max {{5LR (1R +y}

o y) = 03" (y) = (5L R

G0 ) =min{ L (1= y)R 4y} @i (y) = max (LR (1= y)R +y}
Yy




Before going through the rest of the proof it will be useful to notice that equations (21),
(22) and (23) all have a unique solution. In fact, they represent the first order conditions
with respect to y in problems [FB], [A], and [RPI], respectively. All such problems involve
the maximization of a strictly quasi-concave objective function on a convex feasible set

6 Furthermore, given the Inada conditions

and, therefore, they admit a unique solution.
assumed on the marginal utility «’, the optimal short investment must strictly lie between
zero and one and, as a consequence, must satisfy the relevant first order condition. Notice
also that for any y to the left of the relevant optimal level, the LHS of (21), (22) and (23) is
strictly positive, while for any y to the right of the relevant optimal level the LHS of (21),
(22) and (23) is strictly negative.” This argument will be used repeatedly in the remainder
of the proof.

To show the first statement of the proposition consider any p € (0,1) and assume

y* < y°, so that

W/ (@) + (7 ) = R [/ () + ()]

{'(¢7) — R/ (93)} e <O

Furthermore, since ¢! (y) = o (y) and o"“(y) = ©PL(y) for all y and for both

t =1,2, we also have that

W () + () = R [ () + (5]

y=y*
Note also that for any given y, either ¢} (y) = ¢;" *(y) for both ¢t = 1,2, or ¢7 °(y) =

vy °(y), so that in any case it must be

[W(6™) — Ru(eh ™)}, < 0.

This means that the LHS of condition (23) is negative for y = y* so that its solution y(p)

must be smaller than y* and therefore

>0

W) ol (") = R [l (o) ol (e )]

that, for (23) to hold, in turn implies

{u'(017") = Ru (957}, < O-

%To be more precise, problem [RPI] allows for multiple solutions in the extreme cases of p = 1 and

p = 0. For example, with p = 1, i.e. when the probability of being hit by undiversifieble liquidity shocks
is zero, optimal consumption levels ctH A and ctL 'L are irrelevant and then indetermined. In any case the

optimal short term investment is always unique and satisfies the first order condition.
"To see why, notice that the LHS of (21), (22) and (23) diverge to +oc as y approaches zero and to

—oo as y approaches one. Furthermore, they are continuous functions with exactly one zero, so that they

must be strictly positive before it and strictly negative beyond it.
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Consider now p’ > p. It results that:

T L) (o) — R [u’(wéfﬂ v u'(soé’L)] by
P (60 ™") = R/ (957 ) H )

S (e (o)~ R [u’(goz ) u'(goé’%] =

p{u(7") = RU (5 )}y =

which immediately implies y(p') < y(p).
As for the second statement of the proposition consider again any p € (0,1) and assume
y* > y?, so that

W/ (1) + (7)) = R [/ () + /(7]

{/' (1) — R/ (03)} o > 0.

Again, since for both ¢ = 1,2 and fo all y we have that ¢,
v (y) and 977 (y) < @7, 957 () > @5(y), it results

/(o) + (ol h) = B [/ (05) 4 (1)

[ - Ry}, > 0.

y=y*

This means that the LHS of condition (23) is positive when evaluated at y = y® so that its
solution y(p) must be larger than y® and, therefore, it must be that

<0
y=y(p)

W () + () = R [/ () + (5]
that, for (23) to hold, in turn implies

{u/(017") = Ru(¢57)} iy > O-

Consider now p’ > p. It results that

: _2p, (@) + (1) = R[4 + U’(sor?L)] b+

P (%) = Ru'(03 )}y

SR (e ol = R + o) +

P{U,(% °) - RU (5~ Hy y(p) =0

that immediately implies y(p) > y(p).
Conversely, if y(p) is decreasing in p, then y* = y(0) < y(1) = y®. While, if y(p) is
increasing, then y* = y(0) > y(1) = y*. m
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Proof of Proposition 7. In state (H, H) there is never roll over and the cost of liquidity

is
H,H i
CLHH — G WH (1_yp)R
O CHH ]y, pi )
1 H Yy

Given proposition 6, if y* < y?, then y** is strictly decreasing in p and, as a consequence,
CL™H ig strictly increasing in p in this case. Similarly, under the assumption that y* < 3¢,
in the range of p in which there is no roll over in state (s1, s9), the cost of liquidity C'L*1*2
is strictly increasing in p, while in the range of p in which there is roll over in state (s, s2),
the cost of liquidity C'L°**? is constant and equal to one. To complete the argument just
notice that for the state (s, s2) € {(s,—s), (L, L)}, there is a threshold p(sy, s2) such that
if p < p(s1, s2), there is no roll over in state (sy, $2), while if p > p(s1, $2), there is roll over
in state (s1,s2). The threshold p(s, —s) is zero if @ < [1—=yP(0)] R + y*(0) and it is
one if y’%(l) > [1 — y"(1)] R+ y*(1), otherwise it is implicitly defined by

¥ (p)

= [1—=4"(p)] R+y"(p).

Similarly, the threshold p(L, L) is zero if %50) < [1 —9”(0)] R + y**(0) and it is one if
YW 1 — yP(1)] R 4 ¥ (1), otherwise it is implicitly defined by

wrL

Y (p)
wr,

= [1=y"(p)] R+ y"(p).
Clearly, p(s, —s) <p(L,L). m

Proof of Proposition 8. For a given p, consider the cost of liquidity in states (L, L) and

(s,—s). In state (L, L) it is either C LX% = 1 if roll over is optimal (in this case ¢5"" = ¢'")
or - i
oppr =@ @ -9 p
e I —wp  y»
if no roll over is optimal. In both cases CL* > CL**. In fact CL* = ﬁ(l;—y)R > 1,

and w;, < 7, while the assumption y* > y*, together with proposition 6, implies y** > y*.
Similarly, the cost of liquidity in state (s, —s) is either C'L>~* = 1 if roll over is optimal
(in this case ¢ ° = ¢ %) or

" v (A—y")

CLY ™ = = R
L=y ¥

if no roll over is optimal. In both cases CL* > CL*™%. Finally, if roll over is optimal
in state (s, —s) then it is also optimal in state (L, L) but not vice versa, so that we have
CLME <L s,

For a given p, consider now the cost of liquidity in state (H, H). We want to show
that CL* < CLY*H . This last inequality is implied by ch’H < ¢ and ¢ < cf’H, that in
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turn, given proposition 6 and the assumption y® > y*, is implied by ! < ¢} and ¢} < c&f
(where ¢! is the autarky level of consumption at time ¢ in a region hit by the high liquidity
shock). The last two inequalities simply state the intuitive result that when a region is hit
by the high liquidity shock, early consumers can consume less in autarky then in perfect
integration, while late consumers consume more in autarky then in perfect integration. To
show this result let’s proceed by contradiction. We distinguish three cases:

1) If ¢ > ¢; and ¢ > c&, since cf < ¢l <l < cl) we obtain
2u'(¢}) > ' (ef) + ' (ef) = R [/ () +u/(c5)] > 2Ru/(c3)

which contradicts the fact that (¢, ¢}) are first best consumption levels.

2) If il > ¢} and ¢ < clf| then ... contradiction (probably some feasibility condition
is violated). 3) Finally, if ¢/ < ¢} and ¢§ > clf, then ... contradiction (probably some
feasibility condition is violated). TBF m

Proof of Proposition 9. If roll over is optimal in both states (L, L) and (s, —s), then

et =t =R —y") +y” and e = % It is then possible to verify that
_LL _ _HH
¢ —1cy’ s—s _ss wpR— l+wg(1+R
g B e euR— () (b (L4 R)

2 2wy

so that the expression of the first period consumption variance reduces to

wpR —y(p) (1 +wgy (1+ R))}2
2CUH .

Varp) = (1= %) |

The statement in the proposition is equivalent to say that the right-sided derivative of

the consumption variance in p = 0 is strictly positive. If we define the positive quantity

p= HgHw—ngR) and the positive and bounded function

B(p) = {wHR —ylp) (1 +wy (1+ R))} 7

2w H
the first derivative of the consumption variance at any p € (0, 1) is given by

dVarP(p)

B = P - 200 =)}y ()

The right-sided derivative at p = 0 is:

dVar?(0) .. dVar?(p) ,
— plir(% —a 2p®(0)y'(0),

where y'(0) = lim,,_o+ ¥/(p) denotes the right-sided derivative of y(p) at p = 0.
Notice that if y* > y* then 3/(p) > 0 and % < 0 for any p € (0,1) so that dV+;”(O) <0.

However, if y* < y® then y/(p) < 0 for any p € (0,1) and, therefore, d\/+:(0) > 0. For the
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last inequality to be strict it is necessary that ¢'(0) be strictly negative. This is surely true if
rolling over is optimal in both states (L, L) and (s, —s). In fact, in this case, differentiating
with respect to p € (0,1) the first order condition (23), it is possible to verify that
1—
o (U2) — Re (FL2R) — (1 - Ry (R(L - y(p)) + y(p))

WH

U 4 12 g (R R) 4 (1= R+ p)u” (RO = y(p) + y(p)

WH l—wgy

17
pul/
wH

y'(p) =
(

Notice that the denominator of the above expression is strictly negative for any p € (0,1)

as well as its limit for p — 0F. As a consequence, the sign of y'(0) is given by

_ {u (y—) R (11 — v R) C (= R (RO —y) + )] . (24)

WH — Wy

To complete the proof, notice that the first order condition (22) in case of roll over reduces
to:

o (y—> — Ru (11 — v R> +(1- R (R1—y"+y%) =0

WH — Wy

which immediately implies that (24) is strictly negative. m

Proof of Lemma 1. Consider a random variable that, as the first period consumption
in partial integration, can only assume three possible values z; < x5 < x3 with probabilities
%, p and %. The sign of its skewness is equal to the sign of its third moment M3 that,

after some algebra can be written as follows

p(1 —p)(z1 + x3 — 212)
8

We want to show that such quantity has the sign of [(z3 — x2) — (x2 — 21)]. Notice that

Ms = [(2p — 1) (21 + 23 — 229)° + 3(23 — 21)?] .

(3 — x2) — (2 — x1)] = (21 + 23— 222) and therefore the lemma immediately follows from
[(2]) — 1)($1 + T3 — 25(32)2 + 3(1’3 — .CC1>2] > 0.

This last quantity is increasing in p so that it suffices to show that it is positive for p = 0,
that is
[3(1’3 — 5171)2 — ({231 + 3 — 2332)2] > 0.

To this end, notice that from z; < xs < z3 it follows that (z3 — 2x1) > (3 — 2x9) <~
(3 — 1) > (21 + 3 — 225) that clearly establishes the lemma. m

Proof of Proposition 10. Roll over is never optimal if

Pl < =7.




In this case, consumption skewness is surely positive. On the other hand, roll over is
optimal both in state (L, L) and (s, —s) if

Y ~ ~
— > (1 =y")R+y",
fy

which is equivalent to the condition

YR
YR4+1—7~

%

Yy >

Y.

In this second case consumption skewness is surely negative. If y?* € (g, y} roll over is

optimal in state (L, L) but not in state (s, —s) so that

i i
—HH yp —s,—S __ yp
G - €1 -

wWH Y
and
at=(1—yR+y"

The sign of the consumption skewness is then given by

(—L,L —s,—$> <_s,—s _H,H)
Substituting consumption levels with their expression as functions of y**, it is possible to

verify that the skewness has the sign of § — %, where

~ ’}/WHR
Yy

— c(y,y).
ywg R+ 2wy —v(1 + wgy) (Q )

Let y(p) = y** the optimal short term investment in partial integration as a function of p.

We can now show the three statements in Proposition 8:

1. If gy < y* < y°, since y(p) > y* for each p, then consumption skewness is negative for

each p.

2. If y* < y < y°, since y(p) is a continuous and strictly decreasing function of p
describing the range [y*, y%| for p € [0, 1], there must be p € (0, 1) such that y(p) =
Y, Y(P)l,e5 > ¥y and y(p)|,.; < ¥ . Given the definition of y, the probability threshold

p has therefore the property claimed in the proposition.

3. If y* < y* <7y, since y(p) < y* for each p, then consumption skewness is positive for
each p. m
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Table 1: Different cases in proposition 8

®;=0.35;

©,=0.65; y=0.5

®,=0.1;

©,=0.9; v=0.5

Long
Retu

K
o3

Switching threshold
from case 3 to case 2

Switching threshold
from case 2 to case 1

Switching threshold
from case 3 to case 2

Switching threshold
from case 2 to case 1

a b W NN PR
O O O O N oo b N

w NN PR RO O O

.19
.36
.68
.19
.61
.97
.28
.89
.36

.25
.48
.88
.56
.07
.52
.89
.65
.24

s W DD DD PO O O

P P O O O O O O O

.07
.13
.25
.46
.64
.81
.95
.27
.52

.15
.28
.52
.92
.24
.50
.72
.18
.53

D NP R RO O O O

Table 2: Consumption Standard Deviation and Skewness

R=14; ©,=0.35; ®;=0.65; y=0.5

Risk aversion = 4

Risk aversion = 0.75

Risk aversion = 0.5

(case 1) (case 2) (case 3)

p Std Skew Std Skew Std Skew
0 0.036 0 0.204 0 0.275 0

0.1 0.040 | -0.201 | 0.200 | -0.082 | 0.262 | 0.091
0.2 0.045 | -0.408 | 0.194 | -0.040 | 0.248 0.192
0.3 0.050 | -0.629 | 0.186 | -0.028 | 0.233 | 0.306
0.4 0.058 | -0.873 | 0.175 | 0.002 | 0.217 | 0.438
0.5 0.066 | -1.155 | 0.162 | 0.053 | 0.199 | 0.596
0.6 0.077 | -1.500 | 0.147 0.128 0.178 0.794
0.7 0.089 | -1.960 | 0.129 | 0.237 | 0.155 | 1.062
0.8 0.080 | -2.653 | 0.107 | 0.411 0.127 1.477
0.9 0.058 | -4.023 | 0.076 | 0.763 | 0.090 | 2.334
1 0 0 0 0 0 0




Table 3: Consumption Standard Deviation and Skewness

R=26; w,=0.1;

©;=0.9; y=0.5

Risk aversion = 4
(case 1)

Risk aversion = 1.2
(case 2)

Risk aversion = 0.5
(case 3)

p Std Skew Std Skew Std Skew
0 0.073 0 0.312 0 0.885 0
0.1 0.095 | -0.201 | 0.354 | -0.177 | 0.866 | 0.179
0.2 0.118 | -0.408 | 0.368 | -0.277 | 0.841 0.369
0.3 0.142 | -0.629 | 0.368 | -0.313 | 0.809 | 0.577
0.4 0.165 | -0.873 | 0.359 | -0.295 | 0.770 | 0.809
0.5 0.185 | -1.155 | 0.343 | -0.226 | 0.721 1.080
0.6 0.203 | -1.500 | 0.319 | -0.103 | 0.661 1.413
0.7 0.215 | -1.960 | 0.286 | 0.089 | 0.587 | 1.860
0.8 0.191 | -2.650 | 0.241 0.393 | 0.490 | 2.543
0.9 0.137 | -3.941 | 0.176 | 0.988 | 0.354 | 3.956
1 0 0 0 0 0 0






